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ABSTRACT
The tidal streams that arise from globular clusters are studied within an n-body simulation of an
evolving dark matter distribution derived from LCDM initial conditions. The dark matter sub-halos
merge together with the majority eventually accreting on to the dominant Milky Way-like halo. Star
clusters are started on nearly circular orbits in the more massive sub-halos. A tidal stream develops
as a cluster orbits, which over time can create a ring of stars in the sub-halo. When a sub-halo merges
into the main halo the early time stream is dispersed as a thick stream, roughly the width of the orbit
of the cluster in the sub-halo. The length of the thin galactic halo stream depends on how long the
cluster has been freely orbiting in the main halo and the velocity dispersion of the cluster. Therefore,
the readily visible thin tidal streams of globular cluster should have an accompanying wide stream.
To examine the role of the lower mass dark matter sub-halos in the creation of density variations
along the thin tidal star streams two realizations of the simulation are run with and without a normal
cold dark matter sub-halo population below 4× 108 M About 70(40)% of thin streams show density
variations that are 2(5) times the star count noise level, irrespective of the presence or absence of low
mass sub-halos. A counts-in-cells analysis of the stream density, which is related to the two-point
correlation function and power spectrum, finds that there are larger density fluctuations on scales of
2-6◦ when the lower mass sub-halos are present at more than 99% confidence when measured over
streams having a combined length of about 7400◦.
Subject headings: dark matter; globular clusters; Galaxy: halo;
1. INTRODUCTION
The galactic halo globular clusters observable today
likely formed along with other star clusters in a rotat-
ing disk of gas in many separate dark matter sub-halos,
some high redshift forms of dwarf galaxies, that later ac-
creted onto the growing Milky Way halo (Grudic´ et al.
2018; Bekki 2019; Li, & Gnedin 2019; Reina-Campos et
al. 2019). As the residual gas of formation was driven
away loosely bound clusters were dispersed. The tidal
fields of of surrounding molecular clouds, while present,
and the galactic tides of the sub-halo of formation contin-
ued to heat and disperse stars from the clusters (Chandar
et al. 2017). Only the densest star clusters survived for
more than a few hundred million years. As they orbited
in their initial dark matter halo they began to produce
coherent tidal streams of stars which continued as those
halos merged. As a result the tidal streams are a rich
source of information for the current and past gravita-
tional potential of the galaxy.
Analysis of the small scale density structure of tidal
streams can provide information on the numerous low
mass dark matter sub-halos that LCDM cosmology pre-
dicts should be present within our galactic halo (Klypin
et al. 1999; Moore et al. 1999). Ibata et al. (2002) and
Johnston et al. (2002) showed that individual sub-halo
encounters with idealized streams would visibly perturb a
tidal stream. The cumulative effects of the expected pop-
ulation of sub-halos was explored with simulations and
dynamical analysis, first with a simplified uniform stream
on a circular orbit (Yoon et al. 2011; Carlberg 2013) and
later with more realistic orbits and streams (Ngan, &
Carlberg 2014; Erkal, & Belokurov 2015; Helmi, & Kop-
carlberg@astro.utoronto.ca
pelman 2016; Erkal et al. 2016). An uncertainty in pre-
dictions is that disk and bulge of the visible galaxy causes
the halo to become more spherical (Dai et al. 2018) and
depletes the numbers of sub-halos in the inner part of
the halo (D’Onghia et al. 2010; Garrison-Kimmel et al.
2017; Kelley et al. 2019) where streams are most readily
found (Grillmair & Carlin 2016). Ideally the properties
of the density variations along the stream can be used to
predict the location of the perturbing sub-halo (Bonaca
et al. 2019) or identify a visible component of the galaxy,
such as the bar (Pearson et al. 2017), LMC (Erkal et
al. 2019) or the possibility of chaotic orbits in the halo
(Price-Whelan et al. 2016) as the source of stream per-
turbations. The underlying effort is to develop reliable
dynamical tests for the nature of dark matter through
the numbers of sub-halos below 108 − 109 M (Viel et
al. 2005; Angulo et al. 2013) which are directly related
to the number and scale of density variations along a
stream (Bovy et al. 2017; Banik et al. 2018). A set of
streams are reliable indicators of the total enclosed mass
even when dynamically formed in a cosmological setting
although a single stream can be quite biased (Bonaca et
al. 2014; Sanderson et al. 2017).
Analytic approaches to characterizing the density vari-
ations and gaps rely on the stream being produced in a
halo potential that can be adequately approximated as
static. In a stationary potential the tidal mass loss vari-
ations (Ku¨pper et al. 2008, 2012) are phase mixed away
in a few kiloparsecs of stream length, so density varia-
tion analysis needs to discard the near-cluster part of the
stream. Although the last 10 Gyr of the Milky Way’s
mass assembly has been sufficiently quiet to allow the
build-up of a disk (Toth, & Ostriker 1992; Hopkins et
al. 2008) globular clusters have been losing stars to tidal
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streams for essentially a Hubble time and clusters are ac-
creted over a wide range of times (Bellazzini et al. 2003;
Myeong et al. 2019; Massari et al. 2019) meaning that al-
most all clusters have experienced complex gravitational
potential histories. Improving the comparison with ob-
servations requires realistically created streams which in
turn requires numerical simulations of tidal mass loss
from globular clusters in an evolving galaxy (Ngan et
al. 2015; Sandford et al. 2017; Carlberg 2018).
This paper presents n-body simulations of the evolu-
tion of globular star clusters within a dark matter halo
started from its high redshift state. The density profiles
along the length and transverse to the center line of a
representative set of streams are measured to help guide
the analysis of streams. A simulation is run with and
without sub-halos below 4× 108 M to examine the role
of lower mass sub-halos in creating smaller scale density
variations in the streams.
2. SIMULATION SETUP
The simulation procedure here is based on the methods
of Carlberg (2018) with a number of enhancements. The
starting conditions use the VL2 catalog of dark matter
halos found within a larger scale cosmological simulation
that formed a Milky Way-like galaxy (Madau et al. 2008).
The halo catalog, which gives a characteristic radius, cir-
cular velocity, position and velocity for 20048 sub-halos,
is used to reconstitute the halos as particle distributions
of equilibrium Hernquist (1990) spheres. The starting
conditions are set up at redshift 3.24 and 4.56, ages of
2.08 and 1.39 Gyr. respectively. The standard model
recreates all halos with at least one dark matter particle,
which generates 19596 and 19546 of the 20048 halos in
the VL2 catalog above this mass limit at redshifts 3.2
and 4.6, respectively.
2.1. Star cluster setup
The initial masses of the star clusters are drawn from
a power law mass distribution dN/dm ∝ M−1.5, with
an upper mass limit of 2 × 106 M and a lower mass
limit of 5 × 104 M. Lower mass clusters are not use-
ful to include because internal relaxation causes them to
evaporate fairly quickly, often in their initial dark matter
sub-halo, simply leading to a dispersed set of halo stars.
The mass function slope of −1.5 is somewhat shallower
than the −2 that might be preferred (Portegies Zwart
& McMillan 2000), but ensures that the most massive
clusters always dominate the total mass in the cluster
system (Fall & Zhang 2001). The statistical results can
be rescaled to a mass function slope of −2 if desired.
The upper mass limit is inserted simply as a numerical
convenience to limit the number of high mass clusters.
Star clusters are drawn from the mass distribution until
the ratio of the total stellar mass to dark matter mass,
η in the entire simulation rises to η = 3 × 10−4. This is
the initial η value which will be reduced as the clusters
lose mass. Hudson et al. (2014) find a current epoch ra-
tio η ' 4 × 10−5 to which the results related to cluster
numbers can be scaled if desired. The redshift 4.6 start
begins with η = 1× 10−4.
The setup at redshift 3 creates 1433 star clusters dis-
tributed over 394 sub-halos above a mass of 4× 104 M.
The star particles have a mass of 10 M. This setup
will be used to examine the role of lower mass sub-halos
in creating density variations in streams in the last sec-
tion of the paper. The redshift 4.6 start has 710 star
clusters distributed over 455 sub-halos with star parti-
cles of 5 M. This configuration will be used to examine
the typical mean density structure of streams along and
transverse to streams in the next section of the paper.
The clusters are given random radial locations drawn
from an exponential disk with a cut-off at 3 scale radii.
The disk scale radius is set at 20% of the halo radius
of the peak of the circular velocity curve of the dark
matter sub-halo. The disks are randomly oriented within
each halo. The larger sub-halos in the redshift 3.2 start
contain a few dozen clusters. The clusters are started at
the local circular velocity with an additional 3 km s−1
of random velocity added to each direction to limit disk
instabilities.
The star particles are distributed within each cluster
using a King (1966) model distribution. The King model
has a normalized central potential depth of W0 = 7,
which gives a core radius 22 times smaller than the outer
radius of the cluster. For most of the clusters such a small
core is not resolved with the 2 pc gravitational softening
used, but there is no need here to accurately resolve the
core. Individual clusters have a mass assigned from the
mass distribution. The local tidal radius in the halo is
calculated from the classic Jacobi radius, and then re-
duced by a factor of 3 so that all clusters initially under-
fill their tidal radius. Tidal and internal heating of the
clusters causes them to expand to an equilibrium radius
appropriate to the local tidal fields.
2.2. Star Cluster Internal Dynamics
The star particles are given a gravitational softening of
2 parsecs. The softening diminishes interactions between
individual cluster stars to essentially zero. A Monte
Carlo heating model restores the interactions to the level
that reproduces cluster mass loss and half mass evolution
with a Monte Carlo heating. The heating model is based
on the Spitzer half-mass relaxation rate (Spitzer 1987;
Binney & Tremaine 2008) to allow for different cluster
sizes and masses, or equivalently virial radius and ve-
locity dispersion. The Spitzer relaxation rate is used to
calculate the velocity width of a Gaussian distribution
from which random velocities are drawn and added to
each star within the cluster. The heating is normally ap-
plied every 5 Myr so that the stars have an opportunity
to orbit significantly between interactions. There is no
internal source of energy from a shrinking core or hard
binaries, so on this model the added velocities are an
external heat source.
The rate of Monte Carlo heating is calibrated with
NBODY6 runs (Aarseth 1999) in a static potential which
then allows the simple heating model to accurately repro-
duce the mass loss from the star clusters in the 104−5 M
range. Ongoing calibration work shows that the heating
parameters used in Carlberg (2018) need to be reduced
for clusters above 105 M. The redshift 4.6 model is run
with a more accurate heating rate for high mass clusters
(Peter Berczik, Jongsuk Hong, Yohai Meiron, Jeremy
Webb private communication). Individual particles in
the models have a mass of 5 − 10 M, but the heating
model is scaled to stars of mean mass of around 0.5 M,
as is appropriate to old clusters. Tests of these clusters
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Fig. 1.— The Hammer-Aitoff projection on to the sky of all the star particles with parent clusters located between 8 and 40 kpc of the
galactic center at the end of the simulation. The radial range excludes streams that the galactic disk would certainly interact with and
those that would be too distant to be readily found in current surveys, although expanding the range to 0 to 100 kpc does not substantially
alter the plot.
orbiting in a static potential demonstrate that the results
are independent of the star particle masses below about
50 M for 4× 105 M clusters.
2.3. Running the Simulation
The mixture of dark matter and star particles is
evolved with Gadget2 (Springel 2005) and its updated
version, Gadget3. The n-body code has the added
Monte-Carlo routine to approximate the internal grav-
itational relaxation of the star clusters. The dark matter
particles have a softening of 200 pc.
There typically are about 300,000 time steps in a sim-
ulation run from near redshift 3 to an age of 13.4 Gyr,
which is a simulation age of 13.7 units. A Milky Way-like
halo dominates the final configuration, although there
are many surrounding halos and a halo with about 12%
of the mass of the dominant halo is located about 1 Mpc
from it. The circular velocity in the main halo is 208
km s−1 at 10 kpc and peaks at 242 km s−1 around 35
kpc.
3. DENSITY PROFILES OF STREAMS
The distribution on the sky of all the star particles be-
tween 8 and 40 kpc of the center of the main halo of the
redshift 4.6 start simulation are plotted with a Hammer-
Aitoff (equal area) sky projection in Figure 1. Alternate
cutoff radii do not make much difference to the plot. The
gray scale is proportional to the square root of the num-
ber of particles in each pixel of 0.002 units of the grid
which ranges from ±2√2 in the horizontal direction and
±√2 in the vertical direction, hence a grid cell is approx-
imately 0.13◦ on a side. The gray scale saturates at 2.25
particles per pixel to help emphasize the lower density re-
gions of the streams. Clusters in all stages of dissolution
are present with many clusters still within a sub-halo.
The overall distribution appears qualitatively similar to
the currently known streams on the sky (Belokurov et
al. 2006; Bernard et al. 2016; Grillmair & Carlin 2016;
Shipp et al. 2018). Two notable features are that most
streams do not completely circle the sky, and, there is a
substantial component of stars that are separated from
the prominent thin streams.
Figure 2 shows the cluster by cluster orbital plane pro-
jections of all the particles from the 16 clusters within 60
kpc that produce streams with an RMS full width along
the stream of less than 2.4◦. The width calculation does
not subtract a local background as is often done with ob-
servational imaging data. There are more streams found
as the maximum allowed RMS width is increased, the
numbers increasing to 29 at 3◦ full width, 67 at 4◦. and
98 at 5◦. The first 97 streams of width 5◦ or less are
shown in Figure 3.
3.1. Density along the streams
4 Carlberg
Fig. 2.— A Mercator projection of all stars from the 16 clusters within 60 kpc of the galactic center with thin streams having an RMS
full width of less than 1.2◦. Each stream is rotated into a frame with the equator aligned with the velocity vector of the progenitor star
cluster. The gray scale emphasizes low density regions with a gray scale proportional to the square root of the number of particles per
2× 0.3◦ pixel. The scale saturates at a value of 1.5, or 2.25 particles per pixel.
The clusters are started within sub-halos and begin
their tidal mass loss as a star stream distributed along
the orbit in the sub-halo, creating a ring of stars. After
a sub-halo falls onto the main halo and merges, the tidal
stream that was within the sub-halo spreads out into a
thick stream with a velocity characteristic of the orbit
within the sub-halo, which is generally larger than the
spread of velocities in the stream and over even half a
Hubble time can completely wrap around the sky. The
cluster continues to lose stars to the tidal field which
develops into a thin high density stream in the main halo.
The process is shown for a single cluster in Figure 4.
An observational search for thicker streams will in-
evitably turn up unrelated field stars which also formed
within the same sub-halo and possibly even other clusters
that were present. Chemical tagging techniques may be
able to identify the stars that are associated with individ-
ual star clusters which would allow some reconstruction
of the orbital velocity spread of the now dissolved dwarf
and the relative time spent since the cluster’s formation
in the dwarf relative to the time the cluster is free in the
main halo.
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Fig. 3.— Same as Figure 2 but allowing streams with RMS full widths of up to 5 degrees within 60 pc, which identifies 98 streams (last
is not plotted).
A numerical limitation of these particular simulations
is that two body gravitational energy exchange between
the star particles and the dark matter particles is ex-
pected to heat the tidal streams a few km s−1 over a
Hubble time in the main halo (Carlberg 2018). The star-
dark matter particle energy exchange scales as the inverse
cube of the dark matter velocity dispersion, so the sub-
halo streams are expected to be heated significantly. If
the dwarfs contain molecular clouds the heating would
be approximately realistic, but it is not an accurately
modeled process. Future simulations with larger num-
bers of particles will reduce the dark matter heating of
tidal stream stars.
The procedure to identify thin tidal streams in the sim-
ulations in a manner comparable to observations first
projects each stream onto its orbital plane on the sky.
The orbital plane is centered on the density maximum
of the dominant dark matter halo. The velocity and po-
sition of the streams progenitor star cluster defines an
instantaneous angular momentum vector to which the
nominal orbital plane is perpendicular. The stream will
not lie exactly along the orbit that the cluster defines
even if the potential were spherical (Sanders, & Binney
2014), although for a completely radial tidal field the
offset will not be visible when viewed from the center of
the galaxy. The stream star particles are rotated into
the new frame and projected onto the sky in xy pixels
2◦ × 0.3◦, smoothed with a 2D Gaussian with the same
size and shape as the pixels to give the streams of Fig-
ure 2.
The particles within 1.2◦ of the high density centerline
are used to define the density of the streams as plotted
in Figure 5. The density around the entire 360◦ of the
nominal orbital plane is plotted, whether or not a thin
stream and a line of highest density can be identified. It
is readily evident that the stream densities are far from
uniform with azimuth. Many of the streams are on highly
elliptical orbits which causes the density to decline and
the stream to thin at pericenter and pile up at apocenter.
The density here is a mass density not a star count den-
sity which will vary with the distance from the observer,
the luminosity function of the stream and the density of
background stars. The black line of Figure 5 is the den-
sity in 2◦ bins, the blue line is the density in 8◦ bins.
The
√
n variance in the counts is calculated from the 8◦
bins and then scaled by a factor of 2 to the 2◦ bins and
plotted as the red line. The region around the cluster
itself is excluded from the calculation.
The stream search procedure used here requires that
streams be at least 20◦ long and more than 12◦ from the
progenitor cluster. The angular length distribution of
the streams of Figure 2, as seen from the center of the
galaxy, has a median of about 65◦ with the lower quartile
at 46◦ and the top quartile at about 100◦. The longest
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Fig. 4.— The evolution of the tidal stream from a single cluster with time. The simulation age in computational units of 1.022 Gyr is
indicated above each panel, increasing from the upper left to the lower right. Note that the sizes of the plotted boxes increase with time
in the set of stills. The grey scale is proportional to the square root of the projected dark matter density. The image is always centred on
the current location of the star cluster center. The red dots are individual stars from a single cluster. The movie shows the time evolution.
thin stream has an angular length of 150◦.
3.2. Angular momenta along the streams
The instantaneous angular momentum of the star par-
ticles in the 16 thin streams of Figure 2 is shown in Fig-
ure 6. The z direction is defined by the orbital angular
momentum of the progenitor cluster. The Lz component
of the particle angular momenta is shown in red and the
two perpendicular components are summed in quadra-
ture and plotted in blue. All stream particles are plotted,
whether they were found to be in the thin stream or not.
The inner region of the dark halo halo is nearly spherical
with the smallest to largest axes having a ratio of about
0.97 at 30 kpc. Accordingly it is not surprising that the
orbital momentum of the streams is approximately con-
stant along the length of the streams.
Figure 6 shows that there are star particles that have
angular momenta well off the otherwise well defined line
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Fig. 5.— The density along the 16 streams of Figure 2. The black lines are the density in 2◦ bins, the blue are the density in 8◦ bins
and the red is the estimated density variance in the 2◦ bins.
Fig. 6.— The angular momentum aligned with the cluster (red) and the perpendicular component (blue) for the streams shown in
Figure 2. The units are km s−1kpc.
of the stream. There are two identifiable sources of these
particles. First, there are the stars lost from the clus-
ter before it merged into the main halo. Those are dis-
tributed around a ring in the sub-halo and therefore have
an essentially continuous variation of angular momentum
when viewed from the center of the main halo. The sec-
ond source of angular momenta scatter is the passages of
dark matter sub-halos through or near a stream. Given
that the streams are orbiting at ' 200 km s−1 and that
the numbers of sub-halos only become large enough to
give a significant encounter rate below a sub-halo cir-
cular velocity of ' 5 − 10 km s−1 the induced angular
momenta changes will be about 2-5% in a characteristic
”sideways S” pattern. Such changes appear to be present
in some streams and will be analyzed in a future paper.
Of course an encounter with a large sub-halo is also pos-
sible, although much less likely, which will lead to much
larger angular momenta changes.
3.3. Transverse Density Profile of Streams
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Fig. 7.— The combined transverse density profile of all the
streams in Figure 2. The red profile is for the particles identified as
thin streams, the black is for all particles. The red density profile
shows an approximately Gaussian core of half width of about 0.4◦
and a much more extended, approximately exponential tail of half
width of a degree or more.
Figure 7 shows the density profile transverse to the 16
streams of Figure 2. The density relative to the center-
line of particles identified as being in the thin streams
is shown in red and the density profile of all particles is
shown in black. The density profile shows an approxi-
mately Gaussian core of half width of about 0.4◦. Fig-
ure 7 also shows a much broader transverse density com-
ponent, with a roughly exponential density profile with
a half width of a degree or more, or a full width of 2-3◦.
Figure 7 is a prediction that substantial numbers of
particles should be distributed around the thin part of
the streams. Methods which using imaging data alone
and subtract a local background cannot find such broadly
distributed streams. However, there is some evidence
that such wide components are being found in streams
with proper motion data (Price-Whelan, & Bonaca 2018;
Malhan et al. 2019)
4. EFFECTS OF REDUCED LOW MASS
SUB-HALO NUMBERS
The number of lower mass sub-halos orbiting in the
Milky Way’s halo is an interesting cosmological quan-
tity. Sub-halos in the mass range ' 106 − 108 M are
sufficiently numerous in the 30 kpc distance range and
sufficiently massive that there near stream passages will
impart detectable velocity changes, which lead to density
variations. The complication is the process of sub-halo
merging into the main halo also has substantial poten-
tial fluctuations over a wide range of scales that it too is
expected to create density variations in the streams. A
straightforward test of the effect of the lower mass halos
is to rerun the same simulation, but without the lower
mass halos present and compare the density fluctuations
in the with and without simulations.
A model with suppressed low mass halos must have
the same total mass and distribution of mass to ensure
that two simulations have largely the same overall assem-
bly history. After a number of trials, the best sub-halo
suppression technique is to inflate the radius of the low
Fig. 8.— The dark matter distribution at 4 Gyr in boxes of
400 kpc for the simulation with normal low mass halos (top) and
the inflated low mass halos which dissolve in high density regions
(bottom). The colored points show the location of the star clusters.
The red points are a set of clusters in a single sub-dominant halo.
mass halos, a factor of 4 expansion producing relatively
weakly bound sub-halos without excessive overlap with
other halos. The velocity dispersion of the halos is re-
duced proportionally, a factor of 2, so that the low mass
sub-halos start in equilibrium if there were no outside
forces. The mean density of the inflated low mass halos
is therefore reduced by a factor of 64, which means that
they quickly disperse once they enter any higher mass
virialized halo. The dark matter distribution is shown
for the two models in Figure 8.
The clusters for the study of the response of streams
to different sub-halo populations have somewhat differ-
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Fig. 9.— The distribution of the lengths of the thin streams in
the two simulations to a distance of 100 kpc. The total length is
from left to right of the cluster. Red is normal sub-halos, blue is
suppressed low mass sub-halos. The dashed line removes streams
that come within 15 kpc of the center.
ent parameters than the run discussed in the previous
section to try to boost the number of streams and to
lower the particle noise in the stream measurements. The
star masses are increased to 10 M from 5 M allowing
twice as many clusters to be creates, 1433 instead of 710.
And, the cluster internal heating model is an older ver-
sion which causes significantly more mass loss from clus-
ters above 105 M which has the benefit of boosting the
numbers of star particles in the streams. The model is
started from redshift 3.2.
Figure 9 shows the distribution of stream lengths in
the with and without lower mass sub-halo simulations,
for streams whose most distant star particles are at 150
kpc of the galactic center. The dotted lines show the
distribution excluding streams that come within 15 kpc
of the galactic center, with the solid lines showing all
streams. The length distributions of the streams in the
two simulations are essentially identical and give confi-
dence that the basic large scale properties of the streams
in the with and without lower mass sub-halo simulations
are largely identical so that comparing the smaller scale
properties is a useful test.
4.1. Effect of Sub-halos on Stream Density Variations
Tidal streams in an effectively static potential have
substantial structure in the plane of the orbit, especially
near the progenitor cluster (Ku¨pper et al. 2008, 2012) as
a result of variations in mass loss rate around the orbit.
However when viewed from within the plane of the orbit
the tidal mass loss features increasingly overlap with dis-
tance and the unperturbed stream is relatively smooth
(Carlberg 2015; Webb, & Bovy 2019). Even for a Milky
Way-like galaxy whose accretion history over the last half
Hubble time has been fairly quiet with no major merg-
ers, the potential varies substantially which needs to be
taken into account to understand tidal stream structure.
The simulations here are used to measure the small scale
stream density variations at the current epoch of a real-
istic Milky Way assembly model with and without lower
mass sub-halos.
Fig. 10.— The distribution of normalized density variations in
a thin stream when measured in 4◦ bins. The standard sub-halo
population simulation is the red line and the simulation with sup-
pressed sub-halos below 4× 108 M, the blue line.
Fig. 11.— The Kolmogorov-Smirnov test statistic for the with
and without sub-halo simulations as a function of the angular size
of the bins in which the density variation is measured. The vertical
scale is statistical probability that the result occurs by chance. The
test is done at the end of the two simulations and at a time 0.5 Gyr
earlier (dashed line), to give an indication of the time variation of
the result.
A simple non-parametric approach to measure the frac-
tion of streams with density variations is to compute the
χ2 per degree of freedom, ν, for the thin stream densi-
ties. The varying local mean density is estimated using
a fourth order fit, m(φ), to the density which also gives
an estimate of the local statistical variance in the den-
sity. Consequently, χ(φ) = (d(φ) − m(φ))/√m(φ) and
these values are quadrature summed over each identified
streams. The outcome is that about 70% of both the with
and without sub-halo simulations have χ2/ν > 2, and,
about 50% of the streams have χ2/ν > 5 with differences
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of only 4% between the fractions in the two simulations.
No formal confidence level is associated with these values
because the distribution of densities has a non-Gaussian
tail. Therefore, the presence of stream density variations
has no significant dependence on the presence, or not, of
sub-halos below 4× 108 M in the simulation.
The combined total length of thin streams over which
density measurements can be made is about 7400◦ in
both two simulations. Figure 10 shows the distribution
of the individual χ(φ) values when measured in 4◦ bins
of azimuth along the streams. The simulation with sub-
halos has an RMS spread of the χ values that is 22%
larger than the simulation without low mass sub-halos.
The cumulative distributions of the χ(φ) values for the
simulation with and without sub-halos are used to com-
pute the Kolmogorov-Smirnov statistic, Dmax, which is
simply the greatest difference between the two cumula-
tive probability distributions (Press et al. 1992). Counts-
in-cells is a useful approach to take because the local val-
ues are helpful in identifying the location in the stream
of strong density variations, which may be where sub-
halos may have passed. The counts are directly related
to both the two-point correlation function and the power
spectrum, with the variance of the counts in cells is the
sum of the Shot noise plus the two-point correlation func-
tion integrated over the size of the bin. The two-point
correlation function is the Fourier transform of the power
spectrum.
Figure 11 shows the KS statistic, Dmax, normalized
with the sample size factor
√
n1n2/(n1 + n2) for the
two samples. The normalization allows different angu-
lar bin sizes, hence sample sizes, to be compared on a
common plot. At 2 and 4 degrees the simulation with
sub-halos shows a highly significant excess in density fluc-
tuations over a simulation without sub-halos. At angles
out to 6 degrees the statistical significance is reduced but
significant differences between the two distributions are
present. These results are a useful basis for further ef-
fort to statistically identify a sub-halo population in the
Milky Way. These angular scales are about what one
expects sub-halos with scale radii in the range of 0.5-1
kpc to induce in a stream observed at a typical distance
of about 20 kpc. Figure 11 also shows the same compar-
ison done 0.5 Gyr earlier to provide a rough estimate of
the time variation of the differences. The larger fluctu-
ations in the 2-4◦ range appear to be a consistent fea-
ture (Banik, & Bovy 2019). It is important to note that
Figure 10 shows that even with nearly 8000◦ of stream
measurements in hand the difference in the distribution
of the χ values is not dramatic when a well matched pair
of models is available.
5. DISCUSSION AND CONCLUSIONS
This paper explores the density structure of tidal
streams from globular clusters that form in sub-galactic
halos and then are incorporated into the galactic halo.
The longer lived clusters lose mass in their sub-galactic
halo which is spread out over the orbit of the clus-
ter. Once the sub-halo falls into the main halo those
stars are spread out in a thick stream around the thin
stream which forms. The density profile transverse to the
streams, Figure 7, shows a Gaussian core of full width of
about 0.8◦ and then a roughly exponential tail of stars in
a wider stream with a full width half maximum of about
two degrees. The existence of a significant wider stream
component in tidal streams is expected on the basis that
most clusters formed in sub-galactic halos which later
merged into the main halo of the galaxy.
To examine the role of low mass halos in causing den-
sity variations in the thin streams matched simulations
with and without dark matter sub-halos below 4×108 M
suppressed are compared. The fraction of streams that
show large density fluctuations has effectively no depen-
dence on whether lower mass sub-halos are present or
not. However, binning the density along the stream in
different angular size bins finds that there is a highly
significant excess in the density fluctuations on scales of
2-6◦ relative to a well matched model without low mass
sub-halos.
The underlying purpose of this paper is first to gener-
ate realistic simulations of globular cluster tidal streams
in a galaxy with an assembly history roughly like the
Milky Way, in which the halo has not had any major
mergers for the last half Hubble time. The simulations
are useful tests of methods to identify dark matter sub-
halos in the Milky Way. Even though individual density
features are not reliable tests for the presence of the lower
mass sub-halos, a large set of density measurements for
streams may be. A future analysis will examine the ve-
locity variations in these streams and their dependence
on the sub-halos.
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cussions. This research was supported by NSERC of
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supercomputer at the SciNet HPC Consortium. SciNet is
funded by: the Canada Foundation for Innovation; the
Government of Ontario; Ontario Research Fund - Re-
search Excellence; and the University of Toronto.
REFERENCES
Aarseth, S. J. 1999, PASP, 111, 1333
Angulo, R. E., Hahn, O., & Abel, T. 2013, MNRAS, 434, 3337
Banik, N., Bertone, G., Bovy, J., et al. 2018, Journal of
Cosmology and Astro-Particle Physics, 2018, 61.
Banik, N., & Bovy, J. 2019, MNRAS, 484, 2009
Belokurov, V., Zucker, D. B., Evans, N. W., et al. 2006, ApJ, 642,
L137
Bellazzini, M., Ferraro, F. R., & Ibata, R. 2003, AJ, 125, 188
Bernard, E. J., Ferguson, A. M. N., Schlafly, E. F., et al. 2016,
MNRAS, 463, 1759
Binney, J., & Tremaine, S. 2008, Galactic Dynamics: Second
Edition, Princeton University Press
Bonaca, A., Geha, M., Ku¨pper, A. H. W., et al. 2014, ApJ, 795,
94
Bonaca, A., Hogg, D. W., Price-Whelan, A. M., et al. 2019, ApJ,
880, 38
Bekki, K. 2019, A&A, 622, A53
Bovy, J., Erkal, D., & Sanders, J. L. 2017, MNRAS, 466, 628
Carlberg, R. G. 2013, ApJ, 775, 90
Carlberg, R. G. 2015, ApJ, 808, 15
Carlberg, R. G. 2018, ApJ, 861, 69
Chandar, R., Fall, S. M., Whitmore, B. C., et al. 2017, ApJ, 849,
128
Dai, B., Robertson, B. E., & Madau, P. 2018, ApJ, 858, 73
D’Onghia, E., Springel, V., Hernquist, L., et al. 2010, ApJ, 709,
1138
Erkal, D., & Belokurov, V. 2015, MNRAS, 450, 1136.
Erkal, D., Belokurov, V., Bovy, J., et al. 2016, MNRAS, 463, 102.
Stellar Streams and Sub-halos 11
Erkal, D., Belokurov, V., Laporte, C. F. P., et al. 2019, MNRAS,
487, 2685
Fall, S. M., & Zhang, Q. 2001, ApJ, 561, 751
Garrison-Kimmel, S., Wetzel, A., Bullock, J. S., et al. 2017,
MNRAS, 471, 1709
Grillmair, C. J., & Carlin, J. L. 2016, Tidal Streams in the Local
Group and Beyond, 420, 87 (ISBN 978-3-319-19335-9, Springer
International Publishing Switzerland)
Grudic´, M. Y., Guszejnov, D., Hopkins, P. F., et al. 2018,
MNRAS, 481, 688
Helmi, A., & Koppelman, H. H. 2016, ApJ, 828, L10.
Hernquist, L. 1990, ApJ, 356, 359
Hopkins, P. F., Hernquist, L., Cox, T. J., et al. 2008, ApJ, 688,
757
Hudson, M. J., Harris, G. L., & Harris, W. E. 2014, ApJ, 787, L5
Ibata, R. A., Lewis, G. F., Irwin, M. J., et al. 2002, MNRAS, 332,
915
Johnston, K. V., Spergel, D. N., & Haydn, C. 2002, ApJ, 570, 656
Kelley, T., Bullock, J. S., Garrison-Kimmel, S., et al. 2019,
MNRAS, 487, 4409
King, I. R. 1966, AJ, 71, 64
Klypin, A., Kravtsov, A. V., Valenzuela, O., & Prada, F. 1999,
ApJ, 522, 82
Ku¨pper, A. H. W., MacLeod, A., & Heggie, D. C. 2008, MNRAS,
387, 1248
Ku¨pper, A. H. W., Lane, R. R., & Heggie, D. C. 2012, MNRAS,
420, 2700
Li, H., & Gnedin, O. Y. 2019, MNRAS, 486, 4030
Madau, P., Diemand, J., & Kuhlen, M. 2008, ApJ, 679, 1260-1271
Malhan, K., Ibata, R. A., Carlberg, R. G., et al. 2019, ApJ, 881,
106
Massari, D., Koppelman, H. H., & Helmi, A. 2019, arXiv e-prints,
arXiv:1906.08271
Moore B., Ghigna S., Governato F., et al., 1999a, ApJL, 524, L19
Myeong, G. C., Vasiliev, E., Iorio, G., et al. 2019, MNRAS, 488,
1235
Ngan, W. H. W., & Carlberg, R. G. 2014, ApJ, 788, 181.
Ngan, W., Bozek, B., Carlberg, R. G., et al. 2015, ApJ, 803, 75.
Pearson, S., Price-Whelan, A. M., & Johnston, K. V. 2017,
Nature Astronomy, 1, 633
Portegies Zwart, S. F., & McMillan, S. L. W. 2000, ApJ, 528, L17
Press, W. H., Teukolsky, S. A., Vetterling, W. T., et al. 1992,
Cambridge: University Press
Price-Whelan, A. M., Johnston, K. V., Valluri, M., et al. 2016,
MNRAS, 455, 1079
Price-Whelan, A. M., & Bonaca, A. 2018, ApJ, 863, L20
Reina-Campos, M., Kruijssen, J. M. D., Pfeffer, J. L., et al. 2019,
MNRAS, 486, 5838
Sanders, J. L., & Binney, J. 2014, Setting the Scene for Gaia and
LAMOST, 195
Sanderson, R. E., Hartke, J., & Helmi, A. 2017, ApJ, 836, 234
Shipp, N., Drlica-Wagner, A., Balbinot, E., et al. 2018, ApJ, 862,
114
Sandford, E., Ku¨pper, A. H. W., Johnston, K. V., et al. 2017,
MNRAS, 470, 522.
Spitzer, L. 1987, Dynamical evolution of globular clusters,
Princeton, NJ, Princeton University Press, 1987, 191 p.
Springel, V. 2005, MNRAS, 364, 1105
Toth, G., & Ostriker, J. P. 1992, ApJ, 389, 5
Viel, M., Lesgourgues, J., Haehnelt, M. G., et al. 2005,
Phys. Rev. D, 71, 063534
Webb, J. J., & Bovy, J. 2019, MNRAS, 485, 5929
Yoon, J. H., Johnston, K. V., & Hogg, D. W. 2011, ApJ, 731, 58.
